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AIR FLOW IN A SEPARATING LAMINAR BOUNDARY LAYER

By G. B. SCHUSAUE12

SUMMARY

Th speed dtkhibution in a laminar boundurylayer on
the sutface of an elliptic qhuler, of major and minor
axes 11.78 and 3.98 inclw, respwtwely, hm been o%m-
mined by nwaw of a hot-wireanemometer. The direction
of theimpinging air streamwasparallel to the mu..oraxis.
Speciul attention was given to tht?speed dtiribdivn in
the region of 8eparaiion and to the a-act locaii.onof the
point of 8eparation. An appwxim.de method,developed
by ~. Pohlhawen for compuiing tb 8p8ed dM-i140n,
th8 thtiknes8 of the iizyw, and the poini of 8eparaiion, ‘is
de8cribed‘in deta~; and 8peedd&rihd&m curves caku-
lah? by this method are presentedfor comparison with
experiment. (700dagreement h obtaid along thafor-
ward part of the cylinder, but Poh.lhausen’smethodfai.ik
8h0rtI?ybefore the separation poini is reached and conse-
quently cannot be wed to loca$ethti point.

The work was can-id 0U4& the National Bureuu of
Standar& with the cooperdi.on and jinmcial mwi.stan.ee
of the Nai%nul A&i.sory Committeefor Aeronautics.

INTRODUCYJ!ION

Prondtl’s postulate, that the viscosity of the fluid
plays an important role only in a thin “boundary
layer” on the surface of a body in a moving fluid, has
been the key to the understanding of many puzzling
phenomena occurring in the flow of viscQus fluids.
Subsequent works, both experimental and theoretical,
have verified the existence of a “boundarg layer” and
have given conclusive evidence that the radical diiler-
mwe between the behavior of an ideal fluid and that of
Q viscous fluid is due to the presence of a boundary
layer and the wake resulting horn its separation from
the surface of the body.

In the region of potential flow outside the boundary
layer and wake the effect of viscosity is negligible;
hence the mathematical theory pMmining to the flow
of a nonviscous fluid may be applied, a procedure
which obviously tick greatest application in the treat-
ment of flow about body forms on which separation is
delayed and for which the wake is small. While the
flow within the boundary layer must be treated as vis-
cous, much of the difiicuky was avoided by Prandtl,
who derived a general equation of motion on the

assumption that the boundary layer is thin ecmpared
to the dimensions of the body. Thus, excluding the
wake, it might appear possible to work with two re-
gions, one being the boundary layer and the other the
region outside, each governed by its own set of laws.
A more careful consideration shows, however, that
each has an effect upon the other, and that no satisfac-
tory solution of the problem as a whole can be obtained
without treating the two simultaneously. At present
this is impossible.

It has been found that the velocity distribution in
the boundary layer, its thickness, and its tendency to
separate from the surface of the body are governed
almost entirely by the velocity distribution in the
region of potential flow outside the layer. The pro- ‘
eedure ndoptad, therefore, is to measure the velocity
distribution outside the layer and to use this as Bbasis
for calculating the flow within the layer itself. This
procedure takes the place of the familiar one used in
potential theory, that of using the shape of the body as
the basis. A treatment of the former type, employing
the K$irmfm integral equation, has been developed
by K. Pohlhausen (reference 1). Unfortunately this
treatment is approximate and experimental data are
necessary to test the validity of the assumptions made.

The flow in the boundary layer desoribed by
Prandtl’s equation is termed “larnimr flow.” It is
well known that as the layer thickens this type of flow
breaks down and is replaced by turbulent flow. If it
be desired to maintain laminar flow, transition to the
turbulent state may always be avoided by a sufhcient
lowering of the Reynolds Number.

The present paper describes a study of the flow in a
laminar boundary layer formed in the two-dimensional
flow are.undan elliptic cylinder orientid with its major
axis parallel to the air stream of a wind tunnel. Meas-
urements of thespeed distribution in the layer have been
made by means of a hot-wire anemometer, and extend
from the origin of the layer to and beyond the region
where it separates from the surface of the cylinder.
The Reynolds Number has been so chosen that the flow
in the boundary layer does not become turbulent before
separation. The purpose of the study was to test
Pohlhausen’s approximate solution of the IWmfm
integral equation, especially in the region of separation.

369



COblMHTEEFOR AERONA~CS370 REPORTlJATIONALADVISORY

While a treatment of boundary-layer theory may
readily be found in the literature (for example, in
reference 1, which includes also Pohlhausen’s solution)
a brief discussion is included for conveniently judging
the validity of the approximations as applied b the
problem at hand.

I. DEFINITIONS OF SYMBOLS .

We shall adopt a curvilinear system of coordinates in
which z denoti distance along the curved surface of th’e
elliptic cylindm measured from the forward stagnation
point and y distrmcenormal to and measured from the
surface. The radius of curvature of the surface, and
hence of the x axis, will be denotid by r. Since y will
always be small, we shall neglect its curvature. The z
and y components of velocity in the boundary layer
willbe denoted by u and o, respectively, and the z com-
ponent of velocity just outside the boundary layer, by
U. The pressure of the air at any point in the layer
will be denoted by p.

We shall find it convenient at the outset to express
distances, speeds, and pressure in tams of correspond-
ing reference quantities as the units, denokd respect-
ively, by L, Z70and PO. The minor axis of the ellipse
(L=3.98 inches) is selected as the referance length.
The speed of the undisturbed stream of the wind tunnel
is chosen as the reference speed; that is, the air speed
that would prevail in the empty tunnel at the position
to be occupied by the leading edge (forward stagnation
point) of the elliptic cylinder (U, about 11.5 feet per
second). The reference pressure (really a premure dif-
ference) conveniently follows as the pressure rise when
air of initial speed UOis brought to rest by impact,

i. e., PO= $ p U02,where P is the air density. The

‘Uo, where v is theReynolds Number R is ddned as —
v

kinematic viscosity of the air.
The foregoing quantitka are made dimensionless as

follows:
,—, —,2, E=Xyru

r-LL Uo Uo Po +pUo

In order to avoid writing quotients, the symbols z, y,
r, u, v, U, and p will be used to denote dimensionlws
quantities in the remainder of the paper, the division
by the appropriate reference quantity being inferred.
The symbols with their new meaning are summarizedo
as follows:

L, Length of minor asis of elliptic cylinder.
z, Distance along the curved surface of the elliptic

cylinder at right angles to the axis of the cyl-
inder and measured from the forward stagna-
tion point, divided by L.

y, Distance normal to and measured from the
surface divided by L.

r, Radius of curvature of the surface divided by
L.

u, x component of velocity in the boundary layer
divided by UO.

U, z component of velocity in the region of poten-
tial flow just outside the boundary layer
divided by UO.

o, y component of velocity m the boundary layer
divided by UO.

p, pressure of the air divided by PO.
For describing the separated boundary layer z~ and

y~ are introduced.
zt,, Distance divided by L, the same as z up to

the point of separation, but parallel to the
major axis of the ellipse beyond this point,

y~, Distance divided by L perpendicular to %,b
with origin on the major axis of the ellipse or
the major mis produced.

(xb,yb) is any point aft of the separation point,
Figge 13 may help the reader to visualize some of

the foregoing quantities.

IL BOUNDARY-LAYERTHEORY

L GENERAL EQUATION

The experimental conditio~ a steady two-dimension-
al flow of air at speeds so low that compressibility may
be neglectad, makes posible an immediate simpl.ii3ca-
tion of the Navier+%okes -equations (reference 2).
Their simplified and appropriate form, given by Fuchs-
Hopf (reference 3) in our particular curvilinear co-
ordinate system and written here nondimensionrdly, is

1 ap
–5 * (2)

The together with the equation of continuity

(3)

are the equations of motion of n viscous fluid from
which a mathematical treatment of boundary-l~yer
flow may begin.

A boundarg-layer equation was derived by Prrmdtl
(referauce 4) horn equations in rectangular coordimdea
cmrwponding to (l), (2), and (3) by neglecting terms
that become unimportant when the treatment is ap-
plied to a thin layer of thiclmw 6 (6 is also expressed
with L as the unit). The terms that maybe neglected
were found by a consideration of relative orders of
magnitude. Although the quantities retained are, on
the average, of a higher order of magnitude than those
neglected, in certain regions some of the former assume
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verv small vrdues and even change sign. In these
regions some of the neglected quantities may be of a
higher order than some of those retained but, from the
form of the equations, it does not appear that this will
introduce any significant additional uncertainty.
The ultimate test of the accuracy of the approximrt-
tion formulas is the agreement between calculation and
observation.

In the following discussion we shall use the expres-
sion “of the order of” (designated by the symbol O) to
mertnthe maximum order attained by a given quantity.
For example, when u is said h be O(l), u may reach
vrdues & 1 or even +10, but it may at times have
much smaller numerical values, even zero. A factor
of 10, or possibly greater, is not to be considered m
sufficient to change the order of magnitude but a
factor of, let us say, 100 places the quantity in a higher
order.

Experimentally
writing

z, rl, u, u,

we find sufEcient

%% ~d Ku me.—
ax a~ aX

justification for

o(1)

From Bernoulli’s theorem (v+ V=constant, bem-
ing in mind that this equation is in dimemionless
form)

ap
~ is o(1)

Equation (3) indicates that $–~ is O(l). Since

u can safely be assumed to be 0(6), $ must be O(l).

Consideration of the order of mangitude of o indicates
that it is a reasonable assumption to assign values

Equations (1) and (2) are now rewritten with ordem
of magnitude replacing the terms themselves, except

for R and ~ which areas yet undetermined.

0(1) +0(1) –0(6)=;[0(1)+0(;) –0(;)–0(0-0(1)

+0(6) ]–0(1) (la)

0(0 +0(0+0(1) =;[0(0+0(:)+0(1)+0(1) –0(0

(2a)

Irfortheelllptlooyllndergcmafrem0.17atthelendkuwlge’to4.4etthetbkkest
eentlon.

In the bo&dwy layer the inertial and frictional forces
are assumed to be of nearly equal importance; hence
the inertial and frictional tams in equations (1) and
(2) mwt be of the same order of ma.ggtude. In order
to satisfy this requirement, 6 must be such that R in

()
1equation (la) is O ~ ; and, to satisfy equation (2a)

a
at the same time,

&
must be O(l).

The assumption of a thin layer means that 6k small
compmed to 1, and hence that terms O(8) or smaller
may be neglected. When thiz is done, equation (1)
becomw

i&+na7L_ 1 a% 1 *
‘ax 6j-E ~–~ ax

~d equation (2), while of no importance

cussion to follow other than to indicate

O(l), becomes
1 ap_uJ

–!2 ~–7

Equation (3) reduces to

(4)

inthedis-

that ~ is
ay

(5)

Equation (4) is the boundary-layer equation as orig-
inally derived by Prandtl.

Two additional results have come out of the preced-

ing discussion. The fit, that $ is O(R), not only

indicates one experimental requirement for the validity
of equation (4) but shows us, to order of magnitude at

‘ewt’ ‘hat 6 ‘tire =*
when equation (4) is valid.

By momentum consideration the law is actually found

to be 6=K-& where K is an unknown constant of

PO(l). The second, that y is O(l), shows that the

change in pressure across the boundary layer from
y=o to y=b is 0(6). The significance of the latter
deduction is that a prewre measured at some point
on the surface of the cylinder may be regarded as the
pressure in the boundary layer and in the potential
flow just beyond it, anywhere along the normal to the
surface from that point, and hence may be used to
compute the speed in the potential flow by Bernoulli’s
equation.

At the surface u and v are zero. As y increases,
u asymptotically approaches U, the speed in potential
flow outside the boundary layer. U is usually a
function of z; and just beyond the boundary layer
may be regarded as a function of z alone, its change
with y in the potential flow being of a lower order of
magnitude than within the boundary layer.
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In potential flow we have by Bernoulli’s theorem

p+ V=po-+ u:

where p and p. are the dimensionless pressure for the
points with the dimensionless velocities U and UO,
respectively. We shall choose for U, the speed of the
undisturbed stream; and when we do so, we note, upon
reference to section I, that its value is unity. We
observe also that po is a constant. Replacing U. by
uni~ and solving for U, we obtain

77=1– (p-po) (6)

Equation (6) is a relation between the dimensionless
pressure and the dimensionless speed at the outer
boundary of the layer. Differentiating equation (6)

with respect to x and denoting ‘T: by U’ yields

d—
$ =2UU’ (7)

Neglecting a pressure difference O(6), the pressure at
the surface and its variation with z are related to U
and U’ by equations (6) and (7).

Using equations (4), (5), and (7) anintegral equation,
namtily, the “K6rmhn integral equation”, may be
developed (reference 1). It is expressed as follows:

.U. > o.a
_gu/ j O-(U–U)+U;J , (U–u)dy

-()
(8)

+$--: (U-u) zdy=-: ~ ~=,

Z POHLHAUSENW APPROXIMATE SOLIY1’IONOF THE K.hw
INTEGRAL EQUATION

Equation (8) cag be solved only when some relation
between u and y is assumed. Poldhausen chose

u= Ay+B$+~+~ (9)

where A, B, C, and D are determined by the boundary
conditions at the surface and at the outer limit of the

.

layer. A parameter 6 is introduced such that at
y=~, u= U. Having deiined 6 in this way, we may

regard it as the boundary-layer thickness. Siice Ku
dy

is of a lower order than ‘, we may. write at V= 6,
%

‘=~U=O. The supposition has been made that thoaY ay
thickness has a definite Jinite value; whereas in the
physical case u approaches U asymptotically, there
being no sharp division between the boundary loyer
and the region of potential flow. The conditions at
timay be made to simulate the asymptotic case more
closely by imposing the condition that the curve of
equation (9) shall reach the line u= U with zero curvn-
ture. As outer boundary conditions we have thereforo

As inner boundary conditions c have

a% R@-. —
d~ 2 ax =– UU’R nt y=()

by equations (4) and (7), since u=O and 0=0.
When these four conditions are applied, equation (~)

becomes

where X= U’ & R. Equation (10) represents a fmnily
of curves, with 6 as parameter, satisfying the inner and
outer boundary conditions.

In keeping with the foregoing conditions, the upper
limit of the integrals in equation (8) maybe written 6
insteadof co since U—u is zero when y is greater than 6.
When this is done and u as given by equation (10) is
introduced into equation (8), the integrations with
respect to y may be performed. Introducing, for
convenience, X= U’ z and z=R 62 and making the
dillerentiaiiions with respect to z indicated in (8),
the variables being U, U’, and z, we obtain finally

1 (~ 0.8 –9072+1670.4X– 47.4+ 4.8
%) ’2-(’+%) ’3]-—=

&c u(–213.12+5.76k+ A2)

When U, U’ and U“ are kuown functions of z, equa-
tion (11) may be solved for z. The method of obtain-
ing the solution is given in section III. For exmnple,
at some particular value of z, say xl, z, is found by
solving (11). From z=R F and X= U’ z the partic-

(11)

Ular Vallms 61=
4

;~ and A,=U’ 1 z1, where U’1 is the

value of U’ at q, may be found and substituted in

(10). The result is

where UI is the value of U at Z1. Equation (12) is a
relationship between u and y@ at the point xl.

d

—
Siice AI, z, and & are constants and y@ is y ~>

the (y~~ W) c~e iS the s~e for ~ v~ues Of

(12)

the Reynolds hTumber as long as the assumptions
underlying the boundary-layer equations are valid,
Since the tme curve can be represented only appro.si-
mately by a fourthdegme equation, equation (12)
can lead to only an approsimata solution.



AIR FLOW IN A SEPAIL4TTNG

Separation of the flow from the surfam occurs when
the fluid in the inner p=t of the boundruy layer has
lost sufficient kinetic energy through friction to fail
to advanm farther into a region of rising pressure.
Back of the position where the fluid comes to rest,
the higher pressure downstream causm reversed flow
and the consequent accumulation of fluid crowds the
main flow away from the surface. The point where
the fluid comes to rest, just back of which the flow
reverses in direction, is the separation point. Anidy-
tically, separation will occur when the initial slope of
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and is 54 inches in length. It was mounted verti-
cally between the upper and lower faces of a 54-inch
octagonal wind tunnel, thus extending completely
acro~ the tunnel from one face to the opposite face.
The surface was made smooth by alternate varnishing
and sandpapering and iinally by polishing with croc~
paper. Around one side 2J4 inches below the hori-
zontal mid-section of the tunnel, 16 pressure oriikes
were inserted for obtaining the pressure distribution
over the surfaca. The connections were copper tubes
of 0.04-inch tide diameter extending frcm the outer

—

he x-
FmwREl.—Photmmphshowingelliptio OYhier ad hobwkennemometm.ThemkWXIW M itw SW~rfiw@ the* k * She=

the curve representing equation (10) changes from a
positive to a negative value. This occum when the
initial slope is zero; that is, when the tit term of
equation (10) is zero. The criterion for separation
resulting from Pohlhausen’s solution is then

A= U’PR=–12.

IIL EXPERIMENTAL STUDY OF BOUNDARY LAYER

I.DESCEIFTION OF ELLIPTICCYLINDER AND HOT-WIRE
ANZMOMV1’ER

The elliptic cylinder is of wooden construction, with
major and minor axes of 11.78 inches and 3.98 inches,

surfam to the hollow interior of the cylinder and thence
to the outside of the tunnel where- connection could
be made to a manometer. The number and distance
of each orifice measured along the surface from the
stagnation point are given in the tit and second
columns ‘of table I.

The hot-wire anemometer may be descfibed best by
reference to the photograph (fig. 1). The essential
part of the instrument is a platinum wire, 0.002 inch
in diameter and 3 inches in kmgth, on the ends of the
flexible supporting prongs. The heat loss from this
wire when heated by a constant electric current serves
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as an indication of the air speed across it. By means
of the three micrometer screws in the small lathe head
on the bracket at the rear of the cylinder, the wire
could be moved in any direction through a distance
of about 2 inches. A setting to any position around
the surface could be made by readjusting the upper
horizontal part of the support.

The microscope and lamp shown in figure 1 were
used to determine the distwme betwean the wire and
the surface, for a given micromeiwr reading, by view-
ing the -wire and its reflection in the surface. They
were removed when speed measurements were being
made.

2.PEWURE DISTRIBUTION

An inclined benzol manometer, one side of which was
open ta the still air of the tunnel room and the other

1.0

.8

6

.4

.2

+0
Q.

-.2

-.4

-.6

-.80 -4 .8 ,2 ,6 2.0 2.4 28 . 32
x

Flaum2—Pre3mredistributionemnndoneeideofelffptfceylfnderesdetermined
at16~ o~-

side connected to a calibrated pressure orifice in the
tunnel wall 10 feet ahead of the cylinder, was used in
measuring air speed in the tunnel. The movement of
the liquid in the manometer was slight, since the
speed maintained was low (about 11.5 feet per second),
and had to be measured by a traveling microscope
provided with a micrometer screw. The difference
in pressure between the wall of the tunnel and each
of 16 positions about the cylinder was obtained by
connecting separately the pressure orifices in the cyl-
inder surface to the aide of the manometer previously
open. The prevailing drop in static praure between
the tunnel-wall oriiice and the leading edge of the
cylinder was subtracted from these dMerences to give
P—PO, horn which U was ‘computed by means of
equation (6).

Mter a setting of the cylinder with its major axis
approximately parallel to the undisturbed air stream,

liner adjustment of the orientation was made until the
angle of attack was zero as indicated by comparison
between the observed pressure distribution over the
forward part of the cylinder and that computed from
nonviscous fluid theory for zero angle of attack (refer-
ence 5). Exact agreement with theo~ could not be
obtained because of the influence of the boundary layer,
the blocking of the tunnel stream by the cylinder,
and the pressure drop in the tunnel. I?or making
boundary-layer calculations, however, only the actual
pressure distribution need be known. It may be re-
marked that the purpose was to study not the boundary
layer on the surface of an elliptic cylinder, but rather
the boundary layer on a surface with a known pressure
distribution.

The effect of the hotmire anemometer and support
upon the distribution was determined for various set-
tings about the surface with the anemometer lowered
until the prongs spanned the orifices. Since the effect

.7

.6

.5

.4
u

.3

..2

.1

04 8- 12 16 .?0 24 28 32 % 40
Y@

PmuEBl—!fweretlmlendokserved@ dbtribntioruat.!tagnatlon@nt. The
tbeemtfmlmrve~ obtafnedfromid@lflafdtkey fertheollIptfooyllnderrit
zero@e of attack

was small in all cases, especially ahead of the prongs,
it was neglected. Pressuredistributions were measured
from time to time during the work asa safeguard against
accidental shifting of the cylinder. Good agreement
was always obtained. The final resultsfor anemometer
and support absent are given in column 3 of table I
and in figure 2. In figure 2 the theoretical pressure
distribution for flow of a nonviscous fluid is also given,

L SPRED DISTRIBUTIONIN THE BOUNDARY LAYER

The relationship between the rate of cooling of n
heated wire and the speed of the air aoross it is

H= A+B$S

where His the heat loss per degree difference in tem-
perature between the wire and the air (in the present
experiment, expressed in watts per degree Centigrade),
S is the cross-wire air speed, and A and B arefunctions
of the particular wire and the air density. A and B
are determined by measuring H at known air speeds,
When H is plotted as ordinate and ~~ as abscissa,
the resulting calibration curve is linear. Since A and
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B were found to change gradually over a period of
time, or suddenly if the wire received rough treatment,
it was necessary to calibrate the wire before and after
each day’s work. Since the hot wire responds equally
well to flow in any direction, only the resultant speed

01201230 12
L@

F1OIJBE 4,–sPaMdtstl’fbntiorls h the bonndery lam atthre3titfoasU da9fE-
nntedbytheVEIOESOIS.Nob thehtk appti tothe- whennocon’ec-
tfonb rondeforheatlosstothesunlca

can be measured with it. For “thisreason u and V

are termed “speeds” rather than “velocities” when

spedcing of expetientally deter.mked values. Before

the boundary layer separates from the surface the

measured speeds are, tith good approximation, tie

x components of velocity. Wherever the flow direction

o 12301234 5
Y@

FIIYJRE &-Sped dfstrlbutfo~fntheboum-IIwYlayerattwo~UOM and@k-
natibytinvalm 0[r.

is obviously not that of z, the superscript * will be
added, for example, u*.

Before measurements of speed distribution were
made, the effect of the cylinder surface on the heat
loss horn the hot wire in still air was determined.
At 2 millimeter tim the surface the cooling effect
became perceptible. WMin this distance the heat
10SSto the surface (expressed as H— Hm, where Hmis

7104O-?IO--25

the heat loss in still air at a great distance from ‘the
surface and H is the heat loss near the surface) was
determined as a function of the distance y and the
temperature difference between the’ wire and the
surroundings. It was recognized at the time that the
heat loss to the surface is also a function of the air

f.4

/.2

/.0

.8

u

.6

sfill air, upp/ied

.2 -, ~“ & -1.457 R =22,7oo—

x
r 1

0 I 2 3’4 5 6 7
@

FIeuaE@.-S@ dfatrlbutfonafnthaImmiwY layer.

speed at the wire and the gradient in speed between
the wire and the surface. Scme results of Piercy
and Richardson (reference 6). strengthen this view.
No means were available; however, for determining
this relationship, nor were the results of Piercy and
Richardson applicable. Just how and when a cor- -

!.4

/..5’

/.0

.8
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.4

.2

0 1234567 8910
Y@

FIGURE7.-SPA &kfbntfoufntheboundarylayer.NotetheW@ apm
totheorfgfnwhanaomeotfonb madeforhmtIm tothesurface.

rectionshould be applied to eliminate heat lossti the

surface is therefore uncertain. When the smooth

approach of the speed to zero at the surface is used

as a criterion,the present results indicate that a

correction varying as some inverse function of the

speed, aa well as with distance and &unperature

d.ifF6rencqshould be applied.
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Tmversw throu@ the bouudaxy layer were made
at suitably chosen positions on the surface. At each
position measurements of the spwid were made from
well outside the boundary layer I% within 0.2 milli-
meter of the surface. The intervals moved were read
from the scale attached to that one of the three
micromeixmscrews which was employed at the time
in moving the wire. The final distance y was deter-

~13UEE &-8@ dlstrfbutfarM fn the bu0d81y layw. Note thB btk 8pPlU3Qh

ti-wh~a~~btiefmh=tlmto-m

mjned by counting divisions on the eyepiece scale of
the microscope between the center of the wire and
its image in *8 surface. Each time the microscope
was set into position for measming this final distance,

. the eyepiece scale wos calibrated by comparing the
change in the number of scale divisions between the
wire and its image with the distance through which
the wire was moved by the screw. It is Amatid
that distances so determined have an accuracy of
* 0.04 millimeter. .

The results are given in figures 3 to 12, inclusive.
By means of the (y@, u) scheme of representation
the curves are independent of Reynolds Number.
(See sec. II, 2.) Reference ta the z and z, scales of
figure 13 will aid the reader to visualize the position
of the various distributions. It vdl be observed that
two sets of results are given, those to which n correc-
tion for heat loss to the surface as determined in still
air has been applied and those for which it has been
omitted entirely. Allowing for an uncertain@ in
y~B of 4=0.06 (+0.04 mm), the manner of approach
to zero wiU aid in judging where the correction should
be applied and where it should not. h iigures 4
and 5, because of the high speeds at which the lower
points fall, the correction seems to be unnecessmy;
whereas in figures 6 to 12, with somewhat lower
speeds at the lower points, a correction seems to be
justiiied.

k figure 3 a comparison is made between the
measured speed distribution at the stagnation point

and that compubd on the basis of au ideal fluid
(reference 5). Although exact agreement is not to be
expected because of the tunnel blocking and the effect
of the wake, such a comparison serves as an approxi-
mate check on the hotmire measurements.

A clear and precise indication of the position of
separation w-as.obtained by allowing smoke to enter
the stream slowly through a pressure orifice just back
of the separation point. The smoke moved slowly
forward (indicating reversed flow) to a definite stop-
ping point. When another ori.iice farther back of
separation was employed, the smoke from it moved
fomd to the same limiting position. The separa-
tion point was thus determined at z=l.99+0.02.
The experimental curve of fig-tire8 shows the speed
distribution just before sepmation and that of figure 9
just aftar. That no marked change appeam m~y be
attribuhd to the fact that the hokdre anemometer
responds equalIy w-elIto flow in any direction. This
uncertainty in direction is indicated by the use of a
special symbol u*, it being understood that the un-
certainty exists only on the lower horizontal pmt of
the curves representing flow after separation. Before
separation, with u of order 1 and v of order 6=0.06,
the assumption that the measured speed is parallel
to x is quite good. After sepmation not onIy has the
velocity revemed in direction near the surface but, in
addition, there are probably large riormal compommts
where the revemed flow curves out-ward. If we were
to speak of velocities in connection with the experim-
ental curve of iigure 9, we would srLy that the

012 S456 789
!@

FmmE ‘%-sped Wtrfimtiom fa the bonarlary lam ofta sorkmtlon. Tho *
fndbtea an onwrtalaty in the dfreotfon of the apwd in the woke.

vector representing the velocity turns from a direc-
tion pdel to the surface pointing upstream through
a little less than 180° pointing downstream in approxi-
mately the direction of x~, as we follow the curve
hm the origin outward.

Figures 9, 10, 11, and 12 show.traverses of the sepft-
rated boundary layer and wake. It is apparent thcttno
abrupt change in speed distribution in the layer ctccom-
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punies separation. It must be remembered, however,
that u* is reauhrmt speed and that approximately the
same conditions as to direction obtain in jigures 10, 11,
and 12 aEin figure 9. Visual observations with smoke
showed that the air motion in the wake fluctuated
gredy and that only near the separation point was
the reversed flow at all regular. The hot wire shows
this persistence of air motion in the wake. The rwults
obtained here are much like those obtained by Linke
in his study of the laminar boundary layer separated
from a circular cylinder (reference 7). Ii . .
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small correction, I?or values of z greater than 1.6,where
the theoretical and experimental curves bear no resem-
blance to one another, a graphical determination of
the slope of the experimental (x, p—pO)curve was made
directly; and for values of x between 1.1 and 1.6 both
the direct and difference methods were used. A curve

d
()

of z, $Z was then plotted and a similar procedure

followed in detarmhhg 0?
s

. The final values are

figure 13 the boundmy layer is drawn ~o the
same scale as the elliptic section. The thick-
ness of the luyer both on and separated from
the surface is taken as the width of the region
in which the speed is changing; that is, the
length of abscissa between the points of the

(Y~ ~) cwws where the tangents become
horizontal. Owing to the aqy-mptotic char-
acter of the limits, 6 is somewhat arbitrary;
but, since the same procedure wss used
throughout, figure 13 gives a picture of one
part of the boundary layer as related to any
other and shows the changes that occur.
IV. CALCULATIONOF SPEEDDISTRIBUTION
BYPOHLHAUSEN’SAPPROHMATEMETHOD

The information required for an evaluation

of U, U’,and %# ngfictionsof ~may~be

~,-.

Fmum lL-SIWJ3 dkbibntionsfnthe bwodary layeraftmmxtlon. The “ fodfratm an

onrm-kfntg hhtitfm of them fnthemke.

obtained from the curve of pressure distribution and
ii%first and second derivatives. The derivative were
obtained by the folIowing procedure. From z= O h

‘given in columns 4 and 5 of table I. By the formulas

(a), (b), and (c) at the foot of table I, U, U’ and ~

0

~OUEE 1O.-SLW=3 dfehihutfons fn the hmmiery lam after CWKN8tfon. The ●

nncartshrty h the dinwtkm of the .qM$II fn the weke.

1.1, where the theoretical and experimental presmre
distributions agree rather closely, a curve of differences
WM pldhd with z as abscissa. The slop= of the &f-

erence curve, obtained graphically, were then applied
to the theoretical slopes as a correction. In this way
errorsin determiningthe true slope entered ordy into the

fndfcatea on

were calculated. Formula (a) is the same as
equation (6) and (6) and (c) follow from (a)
by differentiation and combination. The v~-

ues of U, U’, and ~ are given in columns

6, 7, and 8 of table I.
Equation (11) was solved by the isocline

method. This method involves computing

~ with assumed values of z for various val-

ues of x and the accompanying values of U,

U’, and ~. Points of known $ are then

located on an (z, z) diagram and a short line
drawn through each to indicate the slope at
the point. The solution curve is then drawn
in~ pdg ~o~h the various points with
the slope indicated at each. (See ilg. 14.)
A procedure more convenient in certain parts
of ‘the diagram is to draw line3 of cofitant

slope (isoclines) and then draw the solution curve
crossing the isoclines with the slope marked on them.

The particular solution curve required is the one
that satisfies the boundary conditions at z=O, the

stagnation point. Since U=O at z=O, ~ hss iniinite
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values for values of z other than those for which
U’ z= Ais one of the roots of the numerator of equation
(11). At z=O, U=O, the numerator, a cubic ink, has
roots AI=7.052, A2=17.80, Aa=—72.26. The wrre-
sponding values of z are zl=O.89, %=2.25, 23=-9.13.

At z,, z,, and Z3we iind singular points at which ~

is indeterminate. A solution curve can then leave the
z axis only at one of the singular points. The singular
point at %, involving an imaginary 8, is obviously of
no interest. It was found that a solution curve leaving
the singular point at % led immediately to very large
values of 8, entirely out of agreement with experiment.

COMMXCTEE FOR AERONAUTICS

The zero isocline then leaves with zero slope. A little
consideration wiU show that the solution curve must
leave the singular point along an isocline whose initial
slope equals the value marked on the isocline; in this
case the one with zero slope. For the srtkeof accuracy,
the solution curve was determined from a large dia-
gram containing more vahm of the slope than that
shown in figure 14. The valuw of z and z resulting
from the solution are given in table II. From the
vahms of U’ and R, k and 6 were calculated. These
quantities appear in the same table. The speed
distributions were calculated from these values of A
and Z,

1.4

R I Imer Iimif of sepwofed
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The singular point at ZIwas the only one that gave a
solution ~u-ve in agreement with experiment. The
isoclims leavi.qg Z1have an initial slope given by ~

fiz() =_.~80 @()%, . dxi

JOA[-W72W70.4A– 47.4+4_&) x?– (l-’ N] =

U(–MM2+6.76WN)

s constant fca onY one Mdfne. DlffawMMI.wwith_ toz end.!.eUfne

(:3‘fm~.o, -O,U-O fors-C! timmWhtiA1= (noa, wegetthetit

I

V. DISCUSSION OF RESULTS

It will be observed in table II that the boundary
layer has an initial thickness of about 0.6 millimeter.
It is a matter of conjecture as to whether a true bound-
ary layer really exists at the stagnation point. The
measurements indicate that potential flow probably
ext8nd9 to the surface.

Also of note in table II is the absence of any x less
than —5.37. The value h= —12 required for sep-
aration was not attained. No calculations were made
for values of z greater than 2.937, but it k apparent
from the value of U’ that no z can be reached for which
k= U’z=- 12. Therefore, according to the calcu-
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lation, separation does not occur anywhere on the
cylinder. As we have seen, separation was found
experimentally at z= 1.99.

The failure of X to reach sufEciently high negative
values is reflected in the growing discrepancy between
calculated and observed distributions in figures 8 to
11. As shown by figures 4 to 7, Pohlhausen’s method
yields good agreement with experiment up to an z of
1.832.

From an estimate of the pressure distribution re-
quired to give rLcalculated value of separation in
agreement with experiment, it was at fit suspecbd
that the pressure distribution might not have been
determined accurately enough in the region where
separation occurred. A redetmmination with pres-
sure orifices installed in the cylinder at critical points
showed that the pressure distribution as originally
determined was correct and that as far as z=2.1 the

_.------ —— --- ——---. -.. -._e ----

0

100.9mm
6 at sfaqnoimn point frcm isocllne colcuhfim = 0.00602

FIOUBE 1%—DIaEIuuI showing dllpt[o eylhder end boundary Ieyw fn e@fon.

Tbls dIegmxn ebowe the Udokm!s of the bonndory Layer mxnfmred to tbe ti

of the Euifxlo.

experimental curve of figure 2 is definitely tied both
as regards position and shape.

The question ark as to whether Pohlhauwn’s
solution begins to fail aftar z= 1.832 or whether the
assumptions made in simplifying the generaJequation
of section II cease to be valid. The following table
shows that 3 changes but little through the interval
in z where discrepancies begin to appear. The failure
can then hardly be attributed to the growth of 8.
J. J. Green (reference 8) has shown for the case of a
circular cylinder that the neglected terms become
important only at the separation point. Here z
probably reaches an order of magnitude near that of u,

0:g$m 0.039
.014
.019

:% .Uu
l.m .C32
L467 .040
Lm .044
L946 .046
zm .049

It appears, therefore,that the initialfailureis thf

result of the approximations introduced in Pohlhau.

sen’s solution;~hereas farther domtream, say at 01

near the sepamtion point, the failure may be due ti
the obsence of important terms in the basic equation
ns well.

The only other lmown tmt of Pohlhausen’s solution
is that given by Pohlhausen himself (reference 1)
using data obtained by Hiemenz for a circular cylinder
in water (referenw 9). In this case the calculated
separation point was in good agreement with experi-
ment. An examination of the results of Hiemenz
shows a steep pressure rise begiming a short distance
ahead and extending up to separation. The z, x
curve for the circular cylinder shows a steep fall in the
region of separation. Therefore the experimental sep-
aration point must be determined very accura.taly to
show that it fails near A= —12. Since the foregoing
condition does not obtain to so great a degree in the
present experiment, the test applied here to the solu-
tion in the region of separation is a more sensitive one
than that applied by Pohlhausen.
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7!., .’! 1 I ! I I 1 1 I

/2 .4 .8 12 [6 20 2.4 28
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FIQUEE14.-I.sJclbIe dlagrem and solution curve of quetlon 11.

CONCLUSION

The experimental data presented here show that
Pohlhausen’s solution may be expected to yield reli-
able results where the speed in the potential flow is
increasing. In the region of decreasing speed, the
solution cannot be relied upon to determine the speed
distribution, but gives the boundm-y-layer thickn-
to a fair degree of approximation. Separation may
actually occur w-herethe solution of Pohlhausen fails
to give it.

The author wishes to aclmowledge his indebtedness
to Dr. H. L. Dryden of the National Bureau of Stand-
ards for his many valuable suggestions and to Profes-
sors K. F. Herzfeld and F. D. Murnaghan of The
Johns Hopkins University for their critical reading of
the manuscript. The author also wishes to express his
appreciation of the assistance given by Mr. W. C.
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Tura I.—DATA DERIVED FROM PRESSURE DISTRI-
BUTION FOR CARRYING OUT SOLUTION OF POHL-
HAUSEN

J4-Orlflca =
mm

;
.—..-.

3
------

4
6

-— ---
6

.—. —.
-------

:
-------
.---—.

1!
------

11
.- —---

12
,------

13

;:
16

P-m

I+lc&l

–. 116
–. 307
–. MO
–. b13
–. Em
-.057
–. 072
–. m
–. m
–. m
–. 0s5
–. 050
–. 627
-. ea
–. 592
–. 559
–. 5E3
–. 540
–. 623
–. 616
–. 501
–. 497
–. m
–. 40a

243
-260
-L 571
-_:;::

–. m
–. lFJI
-. W03
–: z

.Wo
.. . . . . . . .

.180

.2’4
,—. . . . .

.203

.20
.—-- . . . .

.25
.—-----

.!m

.16
–. w
–: %1

..-...-—....... ..........
AJ :Z& –. 0701

-. CrJ41
.. . . . . ..- . ----- . . . . . . . . .

0 L 231 -.121
–. 30 L 252 -. lx-l

.. . . . . . . . -. . . . . . . . . . . . . . .
—. m L 240 -.101

......... ....... .........
–. 70 L230 –. 0313
–. 70 L 225 –. C@2

-: ? k% : El
.2 L222 -. m

cm”

-: 2!
-e. 4
–9. 2i

-13.14
-IL o
-x 4
-.s9. 4

-4(KL o
-m o
-17KI. o
-m o

.. . . . . . . . . .
-64.0
-29. m

.. . . . . . . . . .
-L O

0.48
.. . . . . . . . . .

me
.. . . . . . . . . .

611
07.0

14.&O
–~;D(l:l

(a) t7.-J~.

(b) W=+%.

2L71g

(c) gg’–– ~ , — L

n &

TDm IL—VALUES OF X AND a CALCULATED BY
POHLHAUSEN’S SOLUTION AT POSITION x AND
FOR REYNOLDS NUMBER R
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